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The heat equationut(x, t) = uxx(x, t) for t > 0, x ∈ R
u(x, 0) = f(x) for t = 0, x ∈ R
(H)
Theorem Solution to (H) is given by the formula
u(x, t) =
1√
4pi t
∫ +∞
−∞
exp
(−(x− y)2
4t
)
f(y)dy
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or, introducing the heat kernel
H(x, t) = 1√
4pi t
e−x
2/4t
by the formula
u(x, t) =
∫ ∞
−∞
H(x− y, t) f(y)dy
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The Fourier transform of the right hand side of the equation (H),
uxx(x, t), is
Fuxx(s, t) = (2pi is)2Fu(s, t) = −4pi2s2Fu(s, t)
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The Fourier transform of the right hand side of the equation (H),
uxx(x, t), is
Fuxx(s, t) = (2pi is)2Fu(s, t) = −4pi2s2Fu(s, t)
For the left hand side, ut(x, t), we do something different. We have
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Thus taking the Fourier transform (with respect to x) of both sides
of the equation ut(x, t) = uxx(x, t) leads to
∂
∂t
Fu(s, t) = −4pi2s2Fu(s, t)
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Thus taking the Fourier transform (with respect to x) of both sides
of the equation ut(x, t) = uxx(x, t) leads to
∂
∂t
Fu(s, t) = −4pi2s2Fu(s, t)
This is a differential equation in t, an ordinary differential equation,
despite the partial derivative symbol, and we can solve it:
Fu(s, t) = Fu(s, 0) e−4pi2s2t
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Thus taking the Fourier transform (with respect to x) of both sides
of the equation ut(x, t) = uxx(x, t) leads to
∂
∂t
Fu(s, t) = −4pi2s2Fu(s, t)
This is a differential equation in t, an ordinary differential equation,
despite the partial derivative symbol, and we can solve it:
Fu(s, t) = Fu(s, 0) e−4pi2s2t
What is the initial condition Fu(s, 0)?
Fu(s, 0) =
∫ +∞
−∞
u(x, 0)e−2pi isxdx =
∫ +∞
−∞
f(x)e−2pi isxdx = Ff(s)
6/19 Pi?
22333ML232
Putting it all together
Fu(s, t) = Ff(s) e−4pi2s2t
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Putting it all together
Fu(s, t) = Ff(s) e−4pi2s2t
We recognize that the exponential factor on the right hand side is the
Fourier transform of the heat (Gaussian) hernel
H(x, t) = 1√
4pi t
exp
(−x2
4t
)
since for α > 0
f(x) = e−αx
2 
 fˆ(s) =
√
pi√
α
e−
pi2
α s
2
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We then have a product of two Fourier transforms
Fu(s, t) = Ff(s)FH(s, t)
and we invert this to obtain a convolution in the x domain u(x, t) =
H(x, t) ? f(x) or, written out
u(x, t) =
1√
4pi t
∫ +∞
−∞
exp
(−(x− y)2
4t
)
f(y)dy
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We then have a product of two Fourier transforms
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and we invert this to obtain a convolution in the x domain u(x, t) =
H(x, t) ? f(x) or, written out
u(x, t) =
1√
4pi t
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exp
(−(x− y)2
4t
)
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The function H(x, t) is also called Green’s function, or fundamental
solution for the heat equation.
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This technique applies also to the problemut(x, t) = cuxx(x, t) for t > 0, x ∈ R
u(x, 0) = f(x) for t = 0, x ∈ R
(Hc)
where u and ux finite as |x| → ∞, t > 0
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This technique applies also to the problemut(x, t) = cuxx(x, t) for t > 0, x ∈ R
u(x, 0) = f(x) for t = 0, x ∈ R
(Hc)
where u and ux finite as |x| → ∞, t > 0 whose solution is
u(x, t) =
1√
4pi ct
∫ +∞
−∞
exp
(−(x− y)2
4ct
)
f(y)dy
9/19 Pi?
22333ML232
Remark Using the change of variable y = x+ 2s
√
t =⇒ y = 2√t ds
we can write solution of (H) as
u(x, t) =
1√
pi
∫ ∞
−∞
e−s
2
f(x+ 2s
√
t)ds (Hs)
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Exercise Prove, using (Hs) that u(x, t) = x
2 + 2t solvesut = uxx x ∈ R, t > 0u(x, 0) = x2 x ∈ R (pb1)
10/19 Pi?
22333ML232
Exercise Prove, using (Hs) that u(x, t) = x
2 + 2t solvesut = uxx x ∈ R, t > 0u(x, 0) = x2 x ∈ R (pb1)
From (Hs) we can write
u(x, t) =
1√
pi
∫ ∞
−∞
e−s
2
(
x+ 2s
√
t
)2
ds
10/19 Pi?
22333ML232
Exercise Prove, using (Hs) that u(x, t) = x
2 + 2t solvesut = uxx x ∈ R, t > 0u(x, 0) = x2 x ∈ R (pb1)
From (Hs) we can write
u(x, t) =
1√
pi
∫ ∞
−∞
e−s
2
(
x+ 2s
√
t
)2
ds
Now
e−s
2
(
x+ 2s
√
t
)2
= e−s
2
(
x2 + 4xs
√
t+ 4s2t
)
10/19 Pi?
22333ML232
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2 + 2t solvesut = uxx x ∈ R, t > 0u(x, 0) = x2 x ∈ R (pb1)
From (Hs) we can write
u(x, t) =
1√
pi
∫ ∞
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e−s
2
(
x+ 2s
√
t
)2
ds
Now
e−s
2
(
x+ 2s
√
t
)2
= e−s
2
(
x2 + 4xs
√
t+ 4s2t
)
Observe that s 7→ 4xs√t is an odd function of s, so that
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u(x, t) =
1√
pi
∫ ∞
−∞
e−s
2 (
x2 + 4s2t
)
ds
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u(x, t) =
1√
pi
∫ ∞
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e−s
2 (
x2 + 4s2t
)
ds
=
x2√
pi
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2
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4t√
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−∞
s2e−s
2
ds
= x2 +
4t√
pi
c
To find the value of the constant c we can impose that the found
functions solves (pb1)
It is ut =
4√
pi
c, uxx = 2 then c =
√
pi
2
=
∫ ∞
−∞
s2e−s
2
ds
Conclusion: solution to (pb1) is u(x, t) = x2 +
4t√
pi
√
pi
2
= x2 + 2t
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Exercise Solve the Cauchy problemut = uxx x ∈ R, t > 0u(x, 0) = sin x x ∈ R
then use formula (Hs) to infer the integration formula∫ +∞
−∞
e−s
2
cos(as)ds =
√
pi e−a
2/4, ∀a ∈ R
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u(x, t) =
1√
pi
∫ ∞
−∞
e−s
2
sin(x+ 2s
√
t)ds
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u(x, t) =
1√
pi
∫ ∞
−∞
e−s
2
sin(x+ 2s
√
t)ds
Use sin(α + β) = sinα cos β + cosα sin β so that the integrand is
e−s
2
sin(x+ 2s
√
t) = e−s
2
(
sinx cos(2s
√
t) + cos x sin(2s
√
t)
)
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u(x, t) =
1√
pi
∫ ∞
−∞
e−s
2
sin(x+ 2s
√
t)ds
Use sin(α + β) = sinα cos β + cosα sin β so that the integrand is
e−s
2
sin(x+ 2s
√
t) = e−s
2
(
sinx cos(2s
√
t) + cos x sin(2s
√
t)
)
then observe that s 7→ e−s2 cosx sin(2s√t) is odd, thus
u(x, t) =
sinx√
pi
∫ ∞
−∞
e−s
2
cos(2s
√
t)ds
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So up to now we know that solution of (1) has the form
u(x, t) =
sinx√
pi
y(t)
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pi
y(t)
But we now that ut = uxx must hold and on the other side
ut =
sinx√
pi
y′(t), uxx = −sinx√
pi
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We have shown that y(t) =
∫ ∞
−∞
e−s
2
cos(2s
√
t)ds solves the initial
value problem y′(t) = −y(t)y(0) = √pi
therefore y(t) =
√
pie−t and then u(x, t) = sin xe−t
15/19 Pi?
22333ML232
General parabolic equations constant coefficients
A linear parabolic equation of the form
vt = vxx + avx + bv, (p)
can always be reduced to the heat equation
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Theorem Solution of (p) is given by
v(x, t) = e(b−a
2/4)te−(a/2)xh(x, t) (s)
where
ht = hxx (h)
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Theorem Solution of (p) is given by
v(x, t) = e(b−a
2/4)te−(a/2)xh(x, t) (s)
where
ht = hxx (h)
Proof. We seek for solution of Eq. (p) of the form
v(x, t) = eαteβxh(x, t) (a)
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Example. Solve the parabolic Cauchy problemut = uxx − 2uxu(x, 0) = xex
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Example. Solve the parabolic Cauchy problemut = uxx − 2uxu(x, 0) = xex
Solution to Cauchy problemut(x, t) = uxx(x, t) + aux(x, t) + bu(x, t) for t > 0, x ∈ R
u(x, 0) = f(x) for t = 0, x ∈ R
(Hc)
is
u(x, t) = e
(
b−a24
)
t
e−
a
2xh(x, t)
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where h(x, t) solves the heat equationht(x, t) = hxx(x, t)h(x, 0) = ea2xf(x)
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where h(x, t) solves the heat equationht(x, t) = hxx(x, t)h(x, 0) = ea2xf(x)
In such a way we have
h(x, t) =
1√
pi
∫ ∞
−∞
e−s
2
e
a
2 (x+2s
√
t)f(x+ 2s
√
t)ds (Hs)
Here a = −2, b = 0 so that we have to solve the initial value problem
for the heat equation ht(x, t) = hxx(x, t)h(x, 0) = x
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which solution is given by
h(x, t) =
1√
pi
∫ ∞
−∞
e−s
2
(x+ 2s
√
t)ds = x
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which solution is given by
h(x, t) =
1√
pi
∫ ∞
−∞
e−s
2
(x+ 2s
√
t)ds = x
Eventually solution to the given problem is
u(x, t) = xex−t
